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You are reminded of the following:

PHYSICAL CONSTANTS

Gravitational constant G = 6.7 x 107" N m? kg2

Speed of light c =3x10® ms!

1 kpc =3x10"Y m
NOTATION

Three-dimensional tensor indices are denoted by Greek letters o, (3,7, ...
and take on the values 1, 2, 3.

Four-dimensional tensor indices are denoted by Latin letters i, k,l,... and
take on the values 0, 1, 2, 3.

The metric signature (+ — ——) is used.
Partial derivatives are denoted by ”,”.
Covariant derivatives are denoted by ;.

USEFUL FORMULAS, which you may use without proof.
Minkowsk: metric:
ds® = mkdxidxk = Adt? — da? — dy® — d2?
Covariant derivatives:
Alk = Afk + T4, A™, App = Aigp — T A, whereT},, are Christoffel symbols

Christoffel symbols:

1
k= 59”” (Gmkg + Gmik — Gklm)

Geodesic equation: ‘
du*

g + T4, ufu™ =0,
s

where
u' =dx'/ds 1is the 4-velocity along the geodesic.

Riemann tensor:
A?k;l — A?l;k =—-A"R! .., where Ry, = g" Rukim,
Rt = Thmit — Thim + Tl km — T Uit
Bianchzt identity:

n n n _
Rikzl;m + Rimk;l + Rilm;k =0.

Ricer tensor:
!
Rii. = 9" Rigmi = Rij
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Scalar curvature:
R =g"g" Ripim = 9" Rir. = R},
FEinstein tensor:
Gir = R, — 1/29:1R.
FEinstein equations:

PR 887G,

where T,ﬁ is the Stress-Energy tensor.
Schwarzschild metric:

2
ds? — (1 _ 7“9) 2a? drrg) — 2 (sin? 0dg? + do?)
T N

Gravitational radius:
ry = 2GM/c* = 3(M/Mg) km, where M, is the mass of Sun.
Kerr metric:

2 2

ds* = (1 — %)CthQ - %er —p2d0? — (r* +a® + % sin? 0) sin? Od¢?

2rgrac . o

—=5— sin” 0dgdt,

p

where p?> = r2+a’cos’ 0, A = rQ—rgr+a2, and a = é, where J is the specific
angular momentum.

Quadrupole formula for gravitational waves:

_ 2G d*Dag
3cAR dt?

hag =
where R is the distance to source of gravitational radiation and
D.sg = /(?mjax@ — 12505)dM

is the quadrupole tensor.
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Section A: Each question carries 8 marks. You should attempt ALL
questions.

Question 1 Prove that the metric tensor is symmetric. Explain how this symmetry
and dimensions of space-time pre-determine the total number of the Einstein Field
Equations required for the description of space-time geometry.

Question 2 Give the definition of the contravariant metric tensor ¢g**. What ma-
nipulations with indices can be produced with the help of g;, and ¢**? Show that in
an arbitrary non-inertial frame

9" = S{)0S(oy ~ Son Ston ~ Stz ~ S0 S0y

where Sfo)k is the transformation matrix from a locally inertial frame of reference
(local Galilean frame) to this non-inertial frame.

Question 3 Transformation from a local inertial (or local Galilean) frame of ref-
erence azz(o) to some non-inertial frame z* is given by the following transformation

matrix: Sfo)k = 8§ + f0309, where f = f(:c?é)) is a scalar field. Using the result of

Question 1, show that the metric in the non-inertial frame of reference z* has the
following form: ds? = (1+ f)72(dz®)? — (dz')? — (dz?)? — (da?).

Question 4 Explain why in order to prove that some tensor is identically equal to
zero it is enough to show that all components of this tensor are equal to zero in the
local galilean frame of reference. Then, prove that the Christoffel symbols, F}'d, are
symmetric with respect to their low indices.

Question 5 Prove that all covariant derivatives of the metric tensor are equal to
zero, - i.e., git; = 0. Then, using the symmetry of the Christoffel symbols proofed
in question 4, show that the Christoffel symbols in terms of the metric tensor are

2= 59" Gk + Gmik — Grim)-

Question 6 Prove that the determinant of the metric tensor, g, is negative in all
frames of reference. Then, prove the following identity:

2d1n /—g = g"*dgi, = —gixdg™.

Question 7 Consider a light ray (electromagnetic signal) propagating in a gravi-
tational field. The four-dimensional wave vector for the electromagnetic signal is
defined as k' = dx'/d\, where X is some parameter varying along the ray. The scalar
function ¥ is called the eikonal and defined as k; = W ;. Derive the Eikonal equation
(i.e., the equation for ¥) and explain how using this equation one can describe the
propagation of electromagnetic signals in a given gravitational field.
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Section B: Each question carries 22 marks. You may attempt all
questions. Except for the award of a bare pass, only marks for the
best TWO questions will be counted.

Question 8 .

(a) Prove the following identities:
T — (Inv/=g)x =0 and [V=gg™)]x +v=99"T}; =
[13]

(b) Prove that the covariant divergence of an arbitrary contravariant vector can
be written as ]
Al = ﬁ(w/—g/ﬂ),i.
Show that the analogous expression can be written for an antisymmetric tensor
of the second rank A*:
. 1 .
k S~ Ak
A;il = ﬁ( —gA Z),Z‘.

Question 9 .

(a) Give brief explanation of what is meant by the limit of stationarity and the
event horizon of a black hole and how to determine their locations. What is
meant by ergosphere and where it is located? [11]

(b) Consider a rotating black hole described by the Kerr metric given in the rubric.
Find the mass (express your result in solar masses) and angular momentum
parameter of the black hole, & = 2a/ry, if its ergosphere in the equatorial plane
(0 = m/2) lies between 7,3, = 125km and 7,4, = 150km. [11]

Question 10 .

(a) Prove the Bianchi identity. 8]

(b) Prove that the covariant Riemann tensor Rk = gin R}y, is antisymmetric in
each of the index pairs ¢,k and I;m (Rikim = —Rkitm = —Rigmi) and is sym-
metric under the interchange of two pairs with one another (Rikim = Rimik)-
Using these properties, show that by contracting the Bianchi identity on the
pairs of indices 7,k and [,n, one obtains that the covariant divergence of the
Einstein tensor G (see rubric) is equal to zero. [14]
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Question 11 .

(a) A weak gravitational wave is a small perturbation of the Minkowski metric,
Gik = Nik+hik. Show that, to terms of first order in h;x, the contravariant metric
tensor is ¢'* = n** — ny*™h,,;.. Consider a linear transformation z° = 2/ + £,
where &' are small functions of 2°. Show that h;, = hly. — &k —&ki- Prove that
it is always possible to find such & that the Ricci tensor takes the following

simple form:

1
Ri, = _inlmhik,l,m~

[14]

(b) Two bodies of equal mass, m; = mg = m, attracting each other according
to Newton’s law, move in circular orbits around their common centre of mass
with orbital period P. Using the quadrupole formula for the generation of

gravitational waves, show that in order of magnitude, h ~ (ry/R)(r,/cP)?/3,
where R is the distance to the system and ry = 2?{” is the gravitational radius. [8]

End of Paper
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